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Abstract 

We present holographic arguments to predict properties of strongly coupled gravitational 
systems in terms of weakly coupled gauge theories. In particular we relate the latest computed 
value for the Choptuik critical exponent in black hole formation in five dimensions, 750 = 
0.412 ± 1%, to the saturation exponent of four- dimensional Yang-Mills theory in the Regge 
limit, 7BFKL — 0.410. 
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1 Introduction 



The realization of the holographic principle [T] in terms of a duality between gravity and a 
conformal field theory p] allows, in principle, the study of gauge and gravitational dynamics 
beyond their perturbative regimes. However, most of the applications of the gauge/gravity 
correspondence so far have dealt with extracting gauge dynamics at large 't Hooft coupling 
from weak gravity. This is because the study of strong gravity effects involves backgrounds 
where the curvature becomes of the order of the string scale at some point. Thus, the 
worldsheet dynamics of the corresponding string theory becomes strongly coupled. This 
makes it difficult to obtain reliable results to be compared with the gauge theory calculations. 

Because of this, it is of interest to find a window of gravitational phenomena that, using 
holography, would allow a description in terms of weakly coupled gauge dynamics. Generically, 
critical behavior is a very robust physical phenomenon and independent of many details of 
the dynamics involved. 

Some years ago [3] the existence of critical behavior in black hole formation was discovered 
in numerical simulations of gravitational collapse of a free massless scalar field (see [1] for a 
review). Consider a family of scalar field initial conditions labeled by a real number p such 
that for small values of this parameter the collapse of this initial configuration leaves behind 
fiat Minkowski space-time, while for large p a black hole is formed. Choptuik [3| found that 
there is a critical value p* such that a black hole is formed when p > p* while the field disperses 
if p < p*. Moreover, for supercritical initial conditions close to p* the radius of the black hole 
horizon tq scales as 



where the critical exponent 7 is independent of the particular family of initial conditions 
chosen. Numerical simulations showed that in four dimensions 7 ~ 0.372. This scaling 
behavior is associated with departures from linear evolution when considering initial data 
close to the critical solution. In D space-time dimensions the black hole mass is related to 
the radius of the horizon by Mbh ~ '"o^"^- Thus, the critical scaling of this quantity is given 



We believe this is precisely the type of strong gravitational phenomenon accessible, in 
principle, to a gauge theory calculation at weak coupling. Next we have to identify the right 
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gauge theory framework. For this we take into account that the production of black holes 
at threshold involves strong gravitational fields as well as large velocities. This suggest the 
Regge domain of large s but weak coupling in the gauge dual. This is dominated by the 
exchange of a BFKL pomeron ^ (see |6j for review). 

It is known that in the one-pomeron approximation the total cross section grows with the 
energy as o"tot(s) ~ s°'^^\ where a(0) > 1 is the intercept of the Regge trajectory. Due to the 
power-like growth with s, this amplitude eventually violates the Froissart-Martin unitarity 
bound, o"tot('5) < ^^llog-s)^- It is expected that when the energy increases, saturation effects 
inside the hadron lead to a departure from the linear evolution for the BFKL kernel. This 
leads to a decrease of the total cross section making it compatible with unitarity requirements. 

We conjecture that these two phenomena, the onset of nonlinear effects in critical grav- 
itational collapse and in the evolution of the BFKL kernel, are dual and lead to the same 
critical exponents. Namely, we propose that the saturation threshold in pomeron physics is 
a holographic description of ("zero mass") black hole formation in gravitational collapse in 
five dimensions. The string regime we describe corresponds to curvatures of the order of the 
string scale but with small string coupling constant. In this sense the BFKL pomeron at weak 
coupling provides the dual description of the strongly coupled worldsheet string dynamics. A 
BFKL calculation of the critical exponent gives a result in surprisingly good agreement with 
numerical simulations of five-dimensional gravity 



In the last section we present some heuristic arguments supporting this result. 

Recently, a holographic interpretation of the pomeron was proposed in [9] according to 
which the BFKL Hamiltonian is identified with the Laplacian for a type of metric perturbation 
in the five-dimensional gravitational dual (see also [10] for other studies of the QCD pomeron 
in the context of the AdS/CFT correspondence). Using this duality they obtained an expres- 
sion for the BFKL eigenvalue Xo{^) the strong 't Hooft coupling regime, g'^N ^ 1. Notice, 
however, that our aim here is not to use gravity to obtain results for QCD at strong coupling. 
Rather, we identify phenomena in perturbative QCD providing reliable information on strong 
gravitational effects in five dimensions. Although one cannot exclude the possibility that 
we are dealing with a numerical coincidence, we are tempted to believe that this is unlikely, 
given the wildly different mathematical and physical tools leading to the remarkable agree- 



75D = 0.408 ± 2% 
75D = 0.412 ± 1% 




7BFKL = 0.409552. 
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ment shown in Eq. ([2]). On the contrary, we think then that our arguments might provide 
an evidence for the vahdity of the holographic hypothesis in a region hitherto unexplored. 

2 Criticality in black hole formation 

Numerical simulations of the gravitational collapse of a family of scalar field configurations 
show the appearence of a scaling law for the radius of the black hole formed. This implies the 
existence, in infinite dimensional phase space, of a codimension one critical hypersurface sep- 
arating initial data leading to black hole formation from those where the scalar field disperses 
leaving behind flat space at late times. 

Interestingly, the critical solution acting as an attractor for all initial data at the critical 
surface has interesting properties [3]. Physically it can be pictured as describing the forma- 
tion of a black hole at "zero mass" and therefore presents a naked singularity at the origin. 
Moreover, this critical solution has the property of discrete self-similarity (DSS). This means 
that if we denote by Z^:{t, r) any of the components of the metric or the scalar field, one finds 
the following symmetry 

Z,{t,r) = Z,{e\e\). (3) 

From the numerical analysis the "echoing" period A is extracted to be A ^ 3.44. Here we 
take the convention that the black hole forms as t ^ 0^. 

For initial conditions slightly away from the critical surface the critical solution Z^,{t, r) acts 
as a transient attractor. The dynamical evolution drives the system to an "echoing regime" 
where the metric is close to the critical one and approximately self-similar near the origin. 
Eventually, the solution is repelled from the critical surface to evolve either to Minkowski 
space-time or to form a black hole. 

The scaling in the black hole horizon can be understood as a consequence of the dynamical 
instability of the critical solution, i.e. the existence of a repulsive direction in phase space 
that takes the metric away from the critical one flT]. Indeed, introducing a fiducial length 
scale Iq it is possible to define coordinates (r, by 

r = log(^-^), C = log(-9-Ur), (4) 

where ^o(t) is periodic with period A. DSS acts now by discrete translations in the r coor- 
dinate, (r, C) (''" + ^) 0- Notice that in this coordinates the black hole forms at r ^ —oo. 
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For slightly supercritical solutions with p > p* we can write Zp{T, as a perturbation of 
the critical solution 

Z,(r, C) ~ Z^ir, + ai(r, C)(p - P*)e^^^ + . . . (5) 

Ai < is the eigenvalue associated with the repulsive direction and the dots stand for the 
terms associated with the other (positive) eigenvalues whose contribution is exponentially 
suppressed for large negative r. The existence of a growing mode leads to a departure from 
the linear analysis. This happens for a value (p) of the (dimensionless) r coordinate which 
in turn defines the scale 

t,{p) = eoe^*(p) ioip - p*)-^ . (6) 

As explained in [11] (p) is the only dimensionful quantity in the problem. It sets the scale of 
the black hole apparent horizon and as a consequence the scaling ([1]) is obtained. The critical 
exponent is determined by the negative eigenvalue Ai by 

(7) 

A more detailed analysis [TH [T2] shows that in the case of critical solutions with DSS 
there are periodic wiggles superimposed to the scaling law ([1]) 

(P-P*)V['°S(P-^'*)1, (8) 

where f{x) is a periodic function. On general grounds it can be proved that the period 
of this function is A/7. Depending, however, on the particular model under study shorter 
periodicities compatible with this one are possible. For example, in the critical collapse of a 
massless scalar field the period of the wiggles is halved to A/ (27) [TTl [12] . 

The analysis presented here is completely general. In the collapse of a massless scalar field 
both the critical exponent for the black hole size 7 and the period of the echo A have been 
computed in several dimensions [71 [8] . Specially interesting for our later discussion are the 
results for five- dimensional gravity which, as mentioned above, give a value 750 = 0.408 ±2% 
for the critical exponent with an echoing period A5D = 3.19 ± 2% [7] (the values found in 
Ref. [8] are 75D = 0.412 ± 1% and A5D = 3.10 ± 0.1). In the following section we show how 
a QCD calculation leads to the result ([2]). 
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3 Black hole critical exponents from pomeron physics 



In the previous section we have described the kind of strong gravitational physics that we 
want to capture using a weakly coupled gauge theory. Now we look for the appropriate gauge 
theory framework to provide a dual description of these phenomena. 

The scattering amplitude of two hadrons in the one-pomeron exchange can be written as 

mm 

A{s,t) = s f -|^^i^^$i(fci,gl/(^i,^2,S,g)BFKL$2(^2,g) (9) 

where t ~ — $1,2(^1,2, <!) are the so-called impact factors that encode the information about 
the coupling of the pomeron to the colliding hadrons and fci, k2 and q are two-dimensional 
transverse momenta. 

In what follows we consider the simplest case of zero momentum transfer, i.e. very diffrac- 
tive scattering. This seems to be enough to capture the dual s-wave gravitational collapse 
with spherical symmetry. In the case of zero momentum transfer, t = 0, and large s, the 
BFKL kernel in the leading log s approximation and at weak coupling can be written as 



1 . a3Xo(i')log(^)+wlog^||-j 



/(A;i,A;2,s,0)bfkl = ^= / dve J (10) 

where = g'^N/{4TT'^), k is a characteristic transverse momentum scale and Xoi'^) is given in 
terms of digamma functions by 

xo{i^) = 2V'(i) -i^d-^A -^(1 + ■ (11) 



2 J ^ \2 

In order to establish the holographic map it is convenient to introduce the quantities 

y = «,logf^V T, = \og\%\ (^ = 1,2) (12) 



as well as = I — ii/. Then we can define 



^{y, n - T2) = nklfiku k2, S, 0)bFKL = / TT^C yXoiv)-v(r^-r,) (13) 

where now Xo{v) = 2^/'(l) — ip{r]) — tpll — rj). The function ^(?/,r) satisfies the imaginary 
time Schrodinger equation 

^^iy,T)=H^{y,T), (14) 



where the Hamiltonian is given by 

^ = ^° {-'V) ■ ^^^^ 

From this expression we see that the eigenvalues of this Hamiltonian associated with the plane- 
wave eigenfunctions ipui^) = '^.^^"'^ are given by x^W)- Eq. (|T^ governs the evolution of 
the scattering amplitude to higher energies in the BFKL regime. In the holographic map 
proposed in Ref. [9], the Hamiltonian (ITS!) is identified with the Laplacian associated with 
the perturbations of the metric on the gravity side, with the coordinate r identified with 
the holographic direction. 

The BFKL amplitude ([9]) leads to violations of unitarity due to its growth at large s. In 
the variables (y, r) this corresponds to an exponential increase of the amplitude with y. This 
exponential growth is the one we conjecture to correspond, on the gravity side, to the growing 
mode associated to the black hole formation at threshold. 

In order to extract the critical exponent, we evaluate the integral in Eq. fll3p using a 
saddle point approximation. We calculate the saddle point at a value of r = Tj^y) that makes 
the leading exponential equal to one [131 El- Then, the equations determining both the 
saturation scale Tc{y) and the saddle point value ric are 

?/Xo(^c) = ^c(y), l/Xo(^c) = ^c^c(l/)- (16) 

These equations determine the value of ?7c to be 

^cXo(^c) - Xo(r?c) = 0, =^ r], = 0.627549, (17) 
while the critical value of r as a function of the rapidity y is given by 

Tciy) = x'oiVc)y. (18) 

At this saddle point the function \E'(?/, r) becomes 



V'^^x'^ivc)y 

A more detailed calculation of the saturation scale Tc{y) leads to logarithmic corrections to 
the right hand side of Eq. (ITSl) but does not change the leading linear behavior [H] . 
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Physically speaking the variable t = ti — T2 gives the logarithm of the quotient between 
the characteristic length scales of the two colliding hadrons as probed by the pomeron. For 
a given value of r, saturation (and perturbative violations of unitarity) occurs for a value of 
the rapidity y such that Tc{y) = r. This value of y, where the linear BFKL evolution breaks 
down, is given by Eq. f[T5]) . In terms of the variables ki, and ^2 it is 




e'=\^ ■ (20) 



According to the conjecture stated above, the exponent in this expression should correspond 
to the Choptuik exponent for critical black hole formation in five dimensions. A numerical 
evaluation gives 

7BFKL = = 0.409552, (21) 

in remarkable agreement with the gravitational computations as shown in Eq. ([2]). 

Here we have compared the BFKL value of the critical exponent with the one obtained in 
numerical simulations of gravitational collapse in five-dimensions. As explained in [11[T5], the 
critical exponent can be alternatively computed as the Liapunov exponent for unstable linear 
perturbations around the critical solution. In the case when this is continuous self-similar, 
this Liapunov exponent has been computed in four- dimensions with an accuracy larger than 
the one provided by numerical simulations. Unfortunately, there is to date no analogous 
computation in five dimensions to compare with the result of our field theory analysis [17]. 

4 Discussion and concluding remarks 

We have presented a prescription to calculate the five-dimensional Choptuik critical exponent 
from the QCD pomeron. According to our conjecture, this critical exponent is determined by 
the asymptotic value of the saturation exponent in QCD in the Regge limit log {s/k"^) oo 
at weak coupling, — ^ 0, with the variable y defined in Eq. ( IT2i) fixed. Because this double 
limit is well described by the leading logarithm approximation, we can ignore the effects of 
the running of the strong coupling constant. 

It is important to keep in mind that the value of the critical exponent fl^T]) provided by the 
BFKL calculation might be subject to theoretical uncertainties coming from saturation and 
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unitarization effects. The situation is somewhat similar to the one encountered in large-A^ 
calculations, where a reliable estimation of the size of the corrections to the planar result is 
difficult to obtain. 

The role played by unitarity in the BFKL computation confirms the importance of this 
property in black hole dynamics (it has been suggested in a different context [IS] that black 
hole production could lead to a saturation of the Froissart-Martin bound). 

We should stress that the proposed duality is a gravity/CFT correspondence since, as 
it is proved in Ref. [TS], there is a CFT structure encoded in the BFKL Hamiltonian with 
conformal weights determining the dependence on the holographic direction. Moreover, our 
analysis is robust with respect to supersymmetry, since supersymmetric effects only show 
up in the next-to-leading order ^T^. This is because fermion loops do not contribute in the 
leading logarithm approximation to the diagrams involved in the BFKL pomeron analysis. 
It is also important to keep in mind that because the BFKL pomeron resums the leading 
logarithm contributions to all orders in perturbation theory the result automatically scales 
with the 't Hooft coupling as ~ g'^N. Therefore it gives the leading large-A^ contribution 
even if we work at finite A^. Thus, planarity is generated by the leading log s approximation. 

Following the holographic map for pomeron physics suggested in [9] it would be interesting 
to study the properties of the bulk critical geometry from the BFKL Hamiltonian at weak 
coupling. On the other hand, as a marginal comment, we just mention that one can also try 
a naive computation of the critical exponent in the limit — oo. Using the results of Ref. 
j2U] one finds that in this regime the saturation condition for the scattering amplitude of two 
dipoles is given by 



Repeating our previous analysis, this leads to a value 7bfkl = 1 for the saturation exponent 
at strong coupling. Very likely this corresponds to some kind of mean field approximation in 
critical black hole formation. At any rate, we find this calculation of the Choptuik exponent 
less compelling than the one presented for weak coupling. 

Apart from the exponent 7, the solution to the Einstein equations describing critical 
gravitational collapse is characterized by an additional symmetry. It is either discretely or 
continuous self-similar, i.e. it has a discrete or continuous conformal symmetry. We are 




(22) 
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currently investigating the QCD analog of this phenomenon, and our findings will be reported 
elsewhere [T7] . 
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